


Abstract

The objective of this paper is twofold. First, the paper develops a class of models
of the term structure of interest rates, in the Heath, Jarrow and Morton (1992)
framework, with dynamics characterized by the evolution of a small set of state
variables. Second, the paper exploits this characterization of the dynamics of the
term structure in an estimation exercise that makes use of both the time series
and cross-section of bond prices. In this way, our class of models is shown to
bridge the gap between traditional models, such as Cox, Ingersoll and Ross (1985)
and Vasicek (1977), that emphasize the dynamics of interest rates and the models
of Heath, Jarrow and Morton (1992), that stress fitting the cross-section of bond
prices.



I Introduction

Traditional term structure models such as Cox, Ingersoll and Ross (CIR, 1985) and
Vasicek (1977), take as given a short rate process and its market price of risk and
then price interest rate sensitive securities, either in closed form or using numerical
methods like binomial discretizations, simulations or numerical solutions of a PDE. This
approach can be extended to include multiple sources of uncertainty by making the
dynamics of the short rate depend on a number of state variables. Models that are built
on state variables are Markovian by construction, which makes them tractable for using
numerical methods and easy to estimate with econometric methods. There is however,
an important practical drawback of this approach: the models can only be made to
fit the current observed term structure by making the spot rate dynamics depend on
complex functions of time.

A new approach to interest rate modelling started with Ho and Lee (1986) and Heath,
Jarrow and Morton (HJM, 1992). These models take as given some initial term struc-
tures of interest rates and forward rate volatilities, which are thus automatically fitted
into the model, and, by imposing no arbitrage, work out their implications to yield curve
dynamics. The relevant parameters of the model can in general be obtained by “invert-
ing” bond option prices, much in the same way implied volatilities are extracted from
stock option prices with the Black-Scholes model. So, by construction, these models
fit the initial term structure exactly. Unfortunately, under this approach, there is in
general no finite dimensional set of state variables exists that captures the information
necessary for pricing. This feature makes it difficult to describe the dynamics of the
term structure in terms of a reduced set of state variables and to obtain closed form
pricing formulas (or even to use numerical pricing methods). The only models in this
class known (until recently) to be Markovian have deterministic forward rate volatilities,
and thus Gaussian interest rates.

There is therefore a tradeoff in choosing between the two approaches to model interest
rates. Our model resolves this tradeoff. We start with two building blocks: no arbitrage’
and a set of state variables that synthesizes the information in the economy. We then
obtain conditions on the shape of the term structure of volatilities that lead to Markovian
interest rates. The interest rates are made Markovian by expanding the state space with
a particular state variable that has the role of summarizing the information in the path
of the term structure.? This variable and the spot interest rate are then sufficient to
price bonds. For all the models in this class, bond prices are a function only of these two
state variables, as opposed to depending on an infinite number of forward rates, which
is the usual case in HJM. Although the restrictions that have to be imposed on the

IThat is, we recognize that the currently observed term structure has strong implications for the
admissible dynamics of interest rates. We retain the capability of fitting the initial term structure of
previous no-arbitrage models.

2The condition on the volatilities of forward rates and the extension of the state space has also been
obtained by Carverhill (1994) and Ritchken and Sankarasubramanian (1995).



volatility of forward rates in order to obtain Markovian interest rates are quite strong,
we still obtain a very large class of possible term structure dynamics,which makes this
class of models particularly interesting for empirical work.

The empirical part of this paper exploits the formulation of the HJM model with state
variables in an estimation exercise that makes use of both the cross-section of interest
rates at each point in time and the time series characteristics of interest rates with
various maturities. Traditional empirical models of interest rates focused either on fitting
a cross section of bond prices® or on fitting a time series model to one particular interest
rates.* However, the focus on a single dimension, cross section or time series, is rather
inefficient because term structure models have implications for both dimensions. Using
a panel data approach potentially leads to more efficient estimates of parameters and
to more powerful specification tests. Moreover, in a panel data framework, the market
price of interest rate risk can be estimated, which is not possible in either the cross
section or the time series approach. Recently, there has been a number of papers that
uses a panel data approach for estimation of endogenous term structure models.”

This paper uses the panel data setup to assess the empirical performance of the HJM
model with state variables. The empirical approach improves substantially the work of
Bliss and Ritchken (1996), who analysed the fit of a similar Markovian HJM model on
cross sections of bond prices. In our state space model, the state variables are treated
as latent, unobserved variables, to be filtered from the observed data on swap rates
using the Kalman filter. The parameters of the model are then estimated by pseudo
maximum likelihood. This estimator utilizes all information available in the panel of
interest rate data. The panel data setup suggests a number of natural specification tests
and diagnostics for the empirical fit of the model. In particular, we test whether the
estimated dynamics of the state variables are consistent with the dynamics implicit in
cross-sectional shape of the term structure.

Finally, we compare the empirical performance of the HJM model with state variables
with traditional term structure models, such as Vasicek (1977) and CIR, and their two-
factor extensions.

The paper is organized as follows. Section II presents the model and contains the
condition for Markovian term structure dynamics and the pricing PDE. Section III
gives several interesting parametric examples of models in our class. Section IV presents
the empirical results. Section V concludes the paper.

3See, e.g. Brown and Dybvig (1986).

4See the literature following Chan, Karolyi, Longstaff and Sanders (1992).

°See, e.g. Duan and Simonato (1995), Geyer and Pichler (1995), Dai and Singleton (1997) and
de Jong (1997).



II Markovian Arbitrage-Free Models of Forward Rates

For completeness, we first present the general HJM model. Then, we specialize the term
struture of volatilities to obtain a characterization of the model with state variables.
Some parametric examples in this class are presented in section III.

We assume that at any time ¢ a (floating-rate) bank account and riskless discount bonds
of all maturity dates s > t trade in this economy. Let P(t,s) denote the time ¢ price of
the s maturity bond® and let the value at time ¢, of a unit investment at time 0 in the
bank account that is continuously reinvested, be given by B(t) = B(0)exp { Iy r(s)ds},

where r(t) is the instantaneous nominal interest rate. The instantaneous forward rates
at time t for all dates s > t, f(t, s), are defined by f(¢,s) = —0log P(t, s)/0s which is the
rate that can be contracted at time ¢ for instantaneous riskless borrowing or lending at
time s. From the knowledge of the instantaneous forward rates for all maturities between
time ¢ and time s, the price at time ¢ of a bond with maturity s can be obtained by

(1 P(t.s) =exp{~ [ 1ty

The spot interest rate at time ¢, r(¢), is the instantaneous forward rate at time ¢ for date
t,r(t) = f(t,1).
We follow HJM in describing the dynamics of the term structure of interest rates by a

family of stochastic processes representing forward rate movements. In integral form,
the dynamics of the forward rates are given by

t t
fit:5) = 10.9)+ [ alv,s)dv+ [ ofv,s)/aw ()
or, in differential form
df(t,s) = a(t, s)dt + o(t,s)'dW (v)

where «(t, s) is the instantaneous drift and o(t, s) the instantaneous volatility at time ¢
of the forward rate with maturity date s. The processes o and ¢ are adapted processes in
IR and IRY such that the forward rate processes are well defined as Ito processes. HJM
show that arbitrage-free instantaneous forward rate processes must verify a constraint
on the drift,

f(t,s) = f(0,s)+ /Ota(v, s)! (/: o(v, y)dy) dv
(2) — /thﬁ(v)’a(v,s)dv+/Ota(v,s)’dW(v)

or, in differential form,

(3) df(t,s) = {a(t, 5) ( /t "ot y>dy> — Bt olt, s>} dt + o(t, s)dW (1)

6We require that P(s,s) =1, that P(¢,s) > 0 and that OP(t, s)/Js exists.
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where ¢(t) is a vector of market prices of risk. Notice that the volatility function o (¢, s)
and the market prices of risk completely determine the drift of the forward rates.

The dynamics of the short term interest rate can now be obtained. From the definition
of r(t) we obtain

r(t) = f(t.1) = Ot+/ (v, t) (/ (v,y)dy)dv
(4) - /O¢<) (vtdv+/ (0, 8)'dW (v)

Due to the dependence of the integrands on ¢, the differential form of the short rate
process is slightly more complicated than the differential form for forward rates with a
fixed maturity date

dr(t) = df(t, s)kﬁ% dt
— {fQOt +/02 ( tO‘U:l/d:l/)dU—i—/ ‘'o(v,t)dv
(5) — /Otgzﬁ(v) oa(v, t)dv — () o(t,t) +/ ao(v, t)dW (v)| dt + o (t,t)'dW (t)

where the subscript 2 denotes a partial derivative with respect to the second argument
of the function. Note that the first term of the drift is the slope of the initial forward
curve, the second and third terms depend on the history of the volatility process and
the last term depends jointly on the history of the volatility process and the history
of the Brownian motion. The two remaining terms depend on the market price of risk
vector. It is obvious that, in general, the instantaneous interest rate process will not be
Markovian.

We now investigate a Markovian characterization of the economy based on a reduced
set of state variables that contain all the information relevant for the term structure of
interest rates. In this way, we can obtain a variety of dynamics for interest rates that
are consistent with the initial term structure and under which we are able to price bonds
in closed form. To obtain a Markovian characterization we assume that the volatility
function of the forward rate processes is such that

(6) oo(t, s) = ao(t, s)

where a is a constant.” This condition defines an ODE with fundamental solution
o(t,s) = o(t,t)l(s —t) where [(s —t) = e~ Although we obtain a large class of
models, there are important economic implications of the Markovian restriction. For
example, the term structure of volatilities is such that o;(t, s)/o;(t,t) = (s — t) for any
1=1,...n

"For notational simplicity we only discuss the time-homogeneous case where a is constant. A slightly
more general assumption is to replace a with an arbitrary deterministic scalar function k(¢). In that

case I(s — t) = exp {— [ k(y)dy}.



Using condition (6) in (5), the dynamics of the instantaneous interest rate can be written
as

dr(t) = |:f2(0, t)+ a/ota(v, t)’ (/vta(v,y)dy> dv + /Ota(v,t)’a(v,t)dv
-~ af L o(0Y (v, t)dv — dt)o(t,1) + a [ otwtyaw )

Ot dt + ot £)dW (¢)
By substituting the expression for r(¢) from (4) we obtain
ar(t) = [R0.0)+alr(t) = 70.0) + [ o(w, 00w, )i = p(t)o(t,)]
+ o(t, t)dW(t)

Now define the state variable

t
(7) olt) = [ vty olv, fdv
0
with dynamics given by
(8) dp(t) = [o(t,1)'o(t,t) + 2ap(t)] dt
Substituting this definition the dynamics of the short rate are
9)  dr(t) =[f2(0,t) +a(r(t) = f(0,1) — ¢(t)'o(t,t) + p(t)] dt + o(t,¢)'dW(t)

Therefore, (r, ) are jointly Markovian if o depends only on r.# Note that the first term
of the drift of the spot rate is the slope of the initial forward rate curve, the second
and third terms reflect mean reversion of the short rate to the initial forward rate, then
there is a term reflecting the market price of risk, and finally, there is the variable that
reflects the path information.

In appendix A, we obtain bond prices in closed form. Bond prices are given by

00t = oo (< [ ) (0 - r0.0) 5 ([ 1) w00

It is instructive to consider the two cases for which bond prices do not depend on time
per se, but only on time-to-maturity. The first case has a = 0, hence I(s —t) = 1 and all
forward rates, and the spot rate, have the same volatility at a given time. In this case,

) P = pgten] -0 06 - 10.0) - S50 |

P(0,t)

The second case has a > 0 and hence (s —t) = e " and we thus have exponential
decay of volatilities along the maturity line. Here,

S _ efa(sft) _ efa(sft) 2
12) Ple.s) = gt exp{ - =5 (0 - £10.0) - S5}

2a?

8If o depends also on additional state variables, then (r, ) will be jointly Markovian with them.
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There is one important case studied in the literature that is incompatible with the
constraints we impose on the volatility curve. This is the case of forward rates defined
by an SDE, with the volatility of a given forward rate depends on the level of the forward
rate, described in HJM and Amin and Morton (1994). Note however that we can still
make the volatility dependent on some number of forward rates appropriately defined.



IIT Examples

The following are some examples of the class of models covered by our framework.
For simplicity, we now work under the equivalent martingale measure, under which the
process Z with dynamics dZ(t) = dW (t) + ¢(t) dt is a martingale.

A Deterministic Volatility Models

If o is nonstochastic, ¢ collapses to a deterministic function of time and the spot rate
is Markovian by itself. Two homogeneous cases, with one-dimensional uncertainty, are
of interest: o(t,s) = o, a constant, and o(t,s) = oe~*" with a and o constants.
The first case is the well known continuous-time version of the Ho-Lee model, which
corresponds to the so called extended Vasicek model and is studied in example 1 of
HJM. In this case all forward rates have the same constant volatility, and a shock shifts
all rates uniformly. The second example has the volatility decreasing exponentially with
maturity, thus making short rates more volatile than long rates.

Example 2 of HJM studies a mixture of the two volatilities above. The Brownian motion
driving the uncertainty of forward rates is two-dimensional and the two components of
the volatility vector of forward rates are the ones described above. Shocks to the first
Brownian motion affect the “level”, while shocks to the second Brownian motion affect
the “steepness” of the forward curve.

Deterministic volatility models are the only Markovian arbitrage-free models known in
the literature so far? and, as such, have been extensively studied both for closed-form
pricing.'® and in empirical studies!!

B Constant Elasticity of Variance Models

Apart from the deterministic volatility case, which is in some sense degenerate, the
most parsimonious examples of our class of models are such that, with one dimensional
Brownian motion, the instantaneous volatility of the short rate is a function of the short
rate itself, o(t,t) = x(r(t)). A simple example that covers a great many models studied
in the literature'? is z(r(t)) = or(t)?, for constant ¢ and . When v = 0 we have the
Vasicek volatility, when 7 = 1 we have versions of the Brennan and Schwartz (1977)
volatility, when v = 1/2 we have the CIR volatility and when v = 3/2 we have Richard’s

%In fact, Hull and White (1993) have shown that deterministic volatility is a necessary and sufficient
condition for the spot interest rate to be Markovian (by itself).

10See, among many others, Jamshidian (1991), Flesaker (1993a) and Brace and Musiela (1994).

1See Flesaker (1993b).

12This example covers all cases studied by Chan, Karolyi, Longstaff and Sanders (1992)



(1994) volatility. For the case of exponentially declining forward rate volatilities,
dr(t) = [f2(0,) + a(f(0,1) = r(t)) + (t)] dt + or(t)"dZ(t)

where .
o(t) :/ agefza(t’”)r(v)%dv
0

with dynamics given by
dp(t) = [0 (t)*" — 2ap(t)]dt

C General Affine Models

A particularly tractable choice for the volatility function is an affine function of the spot
rate, o(t,t)> = o2 + oir(t). Note that the extended Vasicek model is a special case of
this model and is obtained if 02 = 0. Also, the CEV model with square root volatilities,
v = 1/2, is a special case of the affine model (63 = 0). These assumptions lead to the
following dynamics for the state variables under the risk-neutral distribution

dr(t) = [f2(0,t) + a(f(0,t) — 7(t)) + p(t)] dt + ok + oir(t)dZ(t)

dp(t) = [o2 + oir(t) — 2ap(t)]dt

Notice that both the drift and the instantaneous variance are linear in the state variables.
Although there is only one source of noise, the process cannot be reduced to a one-
dimensional Markov process for . The only exception is when there is no feedback from
the short rate to the second state variable, i.e. when oy = 0. In that case, the volatility
is constant and the short rate is Gaussian, as in the (extended) Vasicek (1977) model.
But in general the dynamics of this model are different from the traditional one-factor
affine models of Duffie and Kan (1996).

Recall that the bond price formula (12) links the prices of bonds at time ¢ to the current
value of the state variables and the exogenous bond prices at some initial date ¢t =
0. The dependence on the initial bond prices is a characteristic of all HJM models.
However, by studying the limiting process for the state variables, and given some suitable
assumption on the forward curve we can make the HJM model with state variables
directly comparable with traditional term structure model and solve for bond prices as
functions of the state variables only. In particular, if one asumes a flat initial term
structure, the model above becomes a special case of the affine class of term structure
models introduced by Duffie and Kan (1996). We explore such a specification in the
empirical work of section IV.



D Stochastic Volatility Models

Our specification easily accommodates models with stochastic volatility. For example,
let the short rate process be

dr(t) = [>(0,1) + @(t)] dt + /v(t)dZy (1)

with stochastic volatility given by
dv(t) = 0dt + o1(r(t), v(t))dZ1(t) + oo(r(t), v(t))dZ2(t)

with Z; and Z, orthogonal. We still have

dip(t) = [o(t) — 2ap(t))dt

This example can of course be extended to any set of additional state variables, besides
stochastic volatility.

E Forward-Factor Models

In this example the additional state variables are themselves forward rates.'> Note that
we use forward rates with fixed time to maturity, instead of the fixed maturity case
usually considered, in order to be able to separate the volatility function in both time
arguments.

Consider a vector of additional state variables which are forward rates with fixed time to
maturity F(t) = (f(t,t+61), f(t,t+02),..., f(t,t+0,)) for constant 0y ,0s,...,0,. We can
now consider forward rate volatilities of the form o(t,s; F'(t)) = z(F(t),t)l(s). Then,
the dynamics of the state variables are given, for 1 = 1,2, ..., n, by

dr(t) = df(t,s)l,— + (9f(t,5)/0s],_,) dt

= 20,0+ {200 - 10.0)+ (0] a4 1002707200

and
df(tt+0;) = df(t,s)|,—pso, + (OF(t,5)/05],_y g, ) dt
- [f2<0t+e> PO 1,400 — 1(0.140)

It +6;)
Ut +6,) (/tt I(y)d ) o(F (t),t)'a:(F(t),t)Jr%w(t) dt
+ Ut +0;)x(F(t),t)dZ(t)

131n the spirit of El Karoui and Lacoste (1992) and Duffie and Kan (1996).

9



where

with dynamics
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IV Econometric Analysis

In this section we provide an empirical analysis of one HJM model with state variables.
To keep matters simple we focus on one and two-factor HJM models with an affine
volatility. We demonstrate that these models can be written as a special case of a
multi-dimensional, traditional affine term structure model. Therefore, the estimation
methodology that has been developed for this class of models is directly applicable to
the estimation of the Markovian HJM models. In particular, we employ the Kalman filter
methodology proposed in Duan and Simonato (1995) and Geyer and Pichler (1995).

Our empirical approach differs in several respects from the work of Bliss and Ritchken
(1996), who analysed a similar two-state HJM model. Firstly, Bliss and Ritchken use
(pooled) cross sections of bond prices to estimate the HJM model, whereas we use
a panel data set which exploits both cross sectional and time series information in a
consistent way. Our method allows separate treatment of the empirical and the risk
neutral dynamics, and identifies the market price of risk. Secondly, Bliss and Ritchken
estimate the state variables by “inverting” the term structure at two points. The choice
of these points is rather arbitrary and Bliss and Ritchken show that the parameter
estimates are sensitive to this choice. Instead, we treat the state variables as unobserved
time series, and use the Kalman filter to construct estimates for these series. The Kalman
filter uses the full cross section of bond prices to estimate the state variables.

We also provide an explicit comparison of the HJM model with traditional models of
the term structure, such as the Vasicek (1977) and Cox, Ingersoll and Ross (1985)
models. Finally, we briefly study two-factor versions of the HJM and the traditional
term structure models.

A Empirical Model

We use the affine model presented in C. In a stationary model, the yields on long bonds
converge to a constant. Therefore, if we consider the steady-state behavior of the model,
we can essentially assume the initial forward curve to be flat, f(0,f) = 6. With this
assumption the risk-neutral dynamics of the state variables become

ay a0 =[(2)+ (55 ) ()] de+ (W etz

0
It follows that the model is a special case of a two-dimensional affine term structure
model of the class introduced by Duffie and Kan (1996). It is a very special case in the
sense that, although there are two relevant state variables, there is only one source of
randomness in the model. We can write bond prices from (12), as

(14) P(t,s) = exp{—A(s —t) = Bi(s — t)r(t) — Ba(s — t)p(t)}

11



1—e 1 ({1—-e“
a

) , A(1) =0(1 — By(1))

For the empirical model we also need the dynamics of the state variables under the
empirical probability distribution. For analytical tractibility, we make the assumption
that the market price of risk is proportional to the square root of the spot rate,

o(t) = Mo + o?r(t)

Under this assumption, the bivariate process for the state variables under the empirical

d(T)=[(" )+ (T 5 (0]

(15) + ( o + Ufg(t)dW(t)>

The differences with the risk-neutral dynamics, described in (13), are only in the inter-
cept and the coefficient of r(¢) in the first equation of this system.

B Econometric Method

For the empirical analysis, it is convenient to write the model in state space form. The
state space form consists of a measurement equation, which relates the bond prices to the
state variables, and a transition equation which describes the discrete time dynamics of
the state variables. Due to the exponential-affine form of the bond pricing equation (14),
the measurement equation is very simple. The dependent variables are the continuously
compounded yields on zero-coupon bonds with fixed time-to-maturity 7

_InP@t+7)

(1) = .

According to (14), the bond yields are linear functions of the state variables

(16) wn =20 B, B0, o

Notice that the intercept and the coefficients of the state variables depend only on the
time to maturity 7. In the estimation we use multiple points on the yield curve and
hence the model cannot fit all bond prices exactly, so that a measurement error term
e:(7) needs to be added to each yield. In vector notation, the measurement equation
can then be written

(17) ye = A+ Bx; + ¢
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where 3, is the vector that collects all observed yields for time-to-maturity 7 ... 7,, and
x; is the vector of state variables, z; = (r;, ;). The coefficients A and B equal

A(m)/m Bi(m)m By(m)mi
. ’ B - . .
A7)/ Tn Bi(7)/Tn  Ba(Ta)/Tu

For simplicity, we assume that the error terms are both cross-sectionally and serially
uncorrelated and have identical variance h? for yields at all maturities:

A:

Var(e;) = h*I

The second part of the state space form is a transition equation that describes the
discrete time dynamics of the state variables under the empirical probability measure.
Equation (15) can be rewritten as

(18) dz(t) = [t + Ax(t)]dt + X(z(t))dW (t)
which can be discretized as a first order vector autoregression
(19) r=c+Px 1+,
with parameters

d = exp {AAL}, c=(®—-1A "y

where At is the time interval between two consecutive observations. The conditional
variance of the innovations, ¢; = Var;_1(n;) is a complicated function of the model
parameters and the state vector that can be found in the Appendix.

Given this transition equation, the Kalman filter can be used to make predictions (con-
ditional on the past observations) and estimates of the unobserved state variables. In
addition, the Kalman filter can be used to construct a likelihood function for the ob-
served data. To start the Kalman filter,'"* we assume that the initial value of the state
vector, Zg, is equal to its unconditional mean, E(x;) = —A~'¢, and the initial covariance
matrix, Py, is equal to the unconditional variance, Var(z;). From these initial conditions,
the filter iterates between the prediction equations

Tyy1 = c+ Py
Py_1 = ®P_19" +¢

and the updating equations

Ty = Ty + Pt\t—lBlﬂ_lvt
Py = Py — Pt|t—1B/FlePt\t—1

1Tor a deatailed exposition of the Kalman filter, see Harvey (1989, 1990).
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where,

v = yp— A— By
F, = BPu B +hI

denote the prediction errors and the conditional variance of the prediction errors, re-
spectively. If the prediction errors are normally distributed, the likelihood function
immediately follows as'®

T 17
InL = —% In 27 — 5 > (ln |Fy| + U;Ft_lvt)

t=1

Under normality, the Maximum Likelihood estimator of the model parameters are asymp-
totically normal and efficient. If the conditional distribution of the prediction errors
is not normal, the Kalman filter is still the best linear filter and the ML estimator
has a pseudo maximum likelihood interpretation.'® Simulation evidence in Duan and
Simonato (1995) suggests that the sampling properties of the Kalman filter’s pseudo
maximum likelihood estimator in the case of the CIR model are quite good.

C Data

The data used for estimation are weekly US swap rates for 2, 3, 4, 5, 7, and 10 year
maturities. The sample period is January 8, 1988 to November 16, 1996, which contains
459 weekly observations. Summary statistics of the data are provided in Table 1. Fig-
ure 1 graphs the 2-year and the 10-year rates. The interest rates decline over most of
the sample period, with the exception of 1994 when there was a strong increase. The
slope of the term structure is typically increasing, except for a short period in 1989,
when the 2-year rate was higher than the 10-year rate. The data exhibit very strong
serial correlation. The first order autocorrelation of the weekly data is very close to one,
and even the autocorrelation at lag 30 is around 0.97, showing that mean reversion in
the data is extremely slow.
[Insert Table 1 and Figure 1 around here.|

D Estimation Results

Estimation results for the HJM models with state variables are reported in Table 2. In
the HJM model with affine volatility function, the estimated intercept, g, is very close

15The dimension of the vector of observations y, is n, and the number of time series observations is
T.

6See Gouriéroux, Montfort and Trognon (1984). This is only strictly true if the conditional variance
does not depend on the unobserved state variables.
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to zero and insignificant. Hence, we chose to concentrate on the model with square root
volatility, and we report only the results of this variance specification.
[Insert Table 2 around here.]

The estimate for the parameter a implies a ratio between the volatilities of the 10-year
forward and the spot rate of about 50%, which is in accordance with casual observation.
Compared with the results in Pearson and Sun (1994), who estimate a two-factor CIR
model, the estimated mean reversion is somewhat stronger and the instantaneous vari-
ance is smaller.'” This may however reflect the difference in sample period more than
the difference in the models.

It is instructive to consider the dynamics of the HIM model more carefully. Substituting
the estimated values of the parameters, the bivariate system becomes

dr(t) = [0.014 + o(t) — 0.16r(t)]dt + 0.055/r(t)dW (t)
dp(t) = [~0.33p(t) + 0.003r(t)]dt

This equation shows that the short rate is mean reverting towards a level determinded
partly by the current value of the second state variable, ¢(t). This second state variable
is an exponentially weighted moving average of historical short rates. The decay of this
moving average is very rapid, with a half-life of around 2 years. The feedback from the
short rate is small but important. We graph the two filtered state variables in Figure 2.
The gradual decline of the second state variable captures the general decrease of the
interest rates over the sample period, whereas the short rate itself tracks the short-term
movements in the yield curve.
[Insert Figure 2 around here.]

The estimated standard deviation of the measurement error is relatively low, at around
21 basis points, but not negligible. Summary statistics of the residuals of the HJM
model are reported in Table 3. The fit of the model is best in the middle range ma-
turities, around 4 years, and worst at the extremes of the maturity spectrum. This is
consistent with the results of Bliss and Ritchken (1996). There is no systematic bias in
the fitted yield curves as the mean of the residuals is close to zero for all maturities. We
also calculate the first-order serial correlation coefficients of the estimated residuals. It
turns out that for the short rates and the long rates there is substantial residual serial
correlation, with coefficients over 0.9, although for the mid-range maturities, this serial
correlation is weaker.
[Insert Table 3 around here.|

An informal specification test of the HJM model is performed by a regression of the
observed yields on the fitted state variables. If the model is correctly specified, the
regression coefficients should be close to the coefficients B(7) generated by the model.
Figure 3 shows the results of this test. The regression coefficients of the bond yields on
the first state variable, the short rate, are larger than the sensitivities predicted by the

1"Pearson and Sun’s implicit estimate of the volatility parameter is 0.21.
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model. This overestimation is of similar magnitude for all maturities. The regression
coefficients of yields on the second state variable are pretty close to the sensitivities
predicted by the model.

[Insert Figure 3 around here.]

A final test of the model is performed by calculating an exponentially weighted moving
average of the short rate, multiplied by o?, with decay parameter 2a. This moving
average should be close to the estimated series of the second state variable, ¢;. Figure 4
shows that the two series do not quite look alike; the EMWA of the short rate increases
over the first part of the sample, whereas the second factor steadily declines.

[Insert Figure 4 around here.]

E Comparison with Tradional Models

For benchmarking purposes, it is instructive to compare our specification of the HJM
model with the one-factor affine term structure models proposed by Duffie and Kan
(1996). In that class of models, the short rate is the only state variable, which satisfies
the stochastic differential equation

dr(t) = a(p — r(t))dt +\/od + o?r(t)dZ(t)

under the risk-neutral probability measure. The solution for bond prices in this model
can be found by solving a system of ordinary differential equations.'® The form of the
pricing equation is again exponential-affine,

P(t,s) = exp{—A(s —t) — B(s — t)r(t)}

It is worth mentioning that if the model is stationary (a > 0), the long-run forward
curve implied by the model is flat, f(¢,s) = 6 for large s, where 6 is a function of all
other model parameters. This value is directly comparable to the long run forward rate
in the Markovian HJM model.

In order to estimate the model, we also need the short rate process under the true
distribution. As before, we assume that the market price of risk is proportional to the

square root of the spot rate, ¢(t) = A\y/od + oir(t). Hence, the empirical distribution of
the short rate in the affine model is

a(in —r(t))dt +\/od + oir(t)dW (t)

so that & = a — A\o? and a1 = ap + Aod. The state space model and the Kalman filter
described in the previous section can be applied immediately for the empirical analysis
of this model.

18See Duffie and Kan (1996) for more details.

dr(t)
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The estimation results of the Vasicek, CIR and Duffie-Kan models are presented in
Table 2. Among these traditional one-factor models, the constant volatility Vasicek
model has the highest likelihood value and therefore is the preferred model. The CIR
model is not very different in its properties, however. The mean reversion coefficient
of the short rate (under the risk-neutral distribution) is around 0.11 for both models,
which implies a half-life of about 6 years. For all the affine models, the implied long-run
forward rate # is around 0.10. The fit of the estimated yield curves is far from perfect,
the estimated standard deviation of the measurement error is around 24 basis points.
However, such values compare favorably with results of one-factor models on longer time
series such as the McCullogh data.!?
[Insert Table 2 around here.|

Comparing the fit of the the traditional models with the fit of the Markovian HJM model,
we find that the latter clearly dominates. The standard error of the HJM residuals is
typically around 10% lower, and the residual serial correlation smaller than for the
traditional models. Also, the value of the log-likelihood is highest for the HJM model.
Although the models are not nested, so that a formal likelihood ratio test is not possible,
we still feel that the one-factor Markovian HJM model dominates the traditional one-
factor models.

F Two-Factor Models

All one-factor models have fairly large and persistent pricing errors. It is well known
from the emprical term structure literature?® that (at least) two factors are typically
necessary to describe the term structure. In this section we extend the previous analysis
to models with two s tochastic factors. For convenience, the factors are assumed to be
independent.

The HJM model is easily extended to a multi-factor framework by assuming that the
instantaneous short rate is the sum of a number of underlying factors, each of which
follows the dynamics described in equation (13). If these factors are independent, the
solution for the bond prices is simply

P(t,s) = exp {Z —Ai(s = 1) = Bu(s — t)ri(t) — Bia(t — S)Sﬁi(t)}

where A;(s —t) and B;(s — t) satisfy differential equations similar to the ones discussed
before. Assuming two stochastic factors, this specification implies a model with four
state variables: two stochastic factors whose sum is the short rate, and two locally
riskless state variables which aggregate the information in the path of the volatility of

19See e.g. de Jong (1997).
20Gee e.g. Pearson and Sun (1994), de Jong (1997), and Boudoukh, Whitelaw, Richardson, and
Stanton (1997).
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the short rate. Extending the traditional one-factors model to a model with multiple,
independent factors proceeds in exactly the same way.

Table 4 reports the estimates of the two-factor models. The main finding in all estimated
models is the different speed of mean reversion of the factors. The first factor exhibits
very slow mean reversion, whereas the mean reversion in the second factor is much
stronger. Indeed, in the CIR model the first factor is not even stationary under the
risk-neutral distribution. In the Vasicek and HJM model both factors are stationary
under the risk neutral distribution.?! The volatility parameters for the HJM model tend
to be somewhat higher than for the CIR model.
[Insert Table 4 around here.]

Compared with the one-factor models, the fit of the two-factor models improves dramat-
ically. The standard error of the measurement error is down to 4 basis points, which is
a remarkably good fit. This is confirmed by the descriptive statistics of the residuals in
Table 4. The serial correlation of the residuals is much lower than the serial correlation
of the residuals of the one-factor models. For example, most autocorrelations at lag 30
are close to zero. The differences between the two-factor CIR model and the two-factor
HJM model are not very substantial. The estimated factors (or the first state variable
for each factor in the HJM model) follow by and large the same pattern for both models,
see Figure 5. This suggests that the two state variables that determine the short rate are
sufficient to explain the term structure movements and the path volatility state variables
are less important in the two-factor model.
[Insert Table 4 and Figure 5 around here.]

21 For all models we imposed stationarity on the state variables under the empirical distribution. For
the Vasicek model this requires a > 0 and for the CIR model a — Ao? > 0 for both factors. In the
HJM model, stationarity requires the eigenvalues of the mean reversion matrix in equation (15) to be
negative. A sufficient condition for this is 2a(a — Ao?) > 2.
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V Conclusion

We develop a class of term structure models under no arbitrage such that bonds and
interest rate derivatives depend on two state variables that are jointly Markovian. For
all the models in this class, we obtain bond pricing formulas that depend only on the
two state variables. The formulation with state variables and the simple bond pricing
formula are very convenient for empirical work. We employ a panel data approach that
efficiently combines the time series and cross section information in the term structure
data, and use the Kalman filter to estimate a parametric version of our model by pseudo
maximum likelihood and extract the implied state variables.

The model explains the cross section of interest rates rather well, with reasonably small
yield errors. The empirical fit of the Markovian HJM model dominates the fit of the
corresponding one-factor traditional term structure models (Vasicek and CIR). There is
however considerable persistence remaining in the yield errors, showing that not all the
dynamic characteristics of the term structure are captured by the one-factor model.

The two-factor extensions of the HJM model fit the data much better. The fitted models
have very small yield errors and the serial correlation in the residuals dies out quickly.
Whereas in the one-factor case, the HJM model clearly dominates the traditional term
structure models, the peformance of the two-factor traditional and HJM models are
comparable.
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Appendix

A Bond Prices

From condition (6), o(v,s) = o(v,t)l(s — t). Substituting this expression in (2) and
rearranging slightly,

Fts) = f(0.8) + Us—1) /Ota(v,t)’a(v,t) (/:l(y—t)dy> v
- U0 (v, 8) $(v)dv
+oU(s—1) /Ota(v,t)’dW(v)

Notice that by the same argument, and because [(0) = 1, the short rate is

r(t) = F(L1) = F(0.1) + /Ota(v,t)'a(v,t) (Ltz(y—t>dy>dv
- /Ota(v,t)'qﬁ(v)dv

We can therefore write

t

Flt,5) = £(0,5) +1s = 1) (r(t) = 0.0) +1s = 1) [ o(v,1Yo(v,1) ([l(y _ t)dy) dv

0

Replacing o(t) = [4 o(v,t) o(v,t)dv, we obtain
1(t,9) = F0,5) +1(s = 1) () = £0.0) + 1 = 0) ([ tw)) (0

By equation (1), bond prices are given by

P(0,s)
P(0,1)

Pt = astew{ = [ iarteo) - 10,00~ 5 ([ 16)a5) o0
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B Moments of the State Variables

In this appendix we derive the first two conditional and unconditional moments of the
state variables for the one factor HJM model with square root volatility.?? To simplify
notation we use o rather than oy for the volatility parameter.

We start by the conditional expectation. Denote the vector that piles E,;r(s) and E;p(s),
for t < s, by Y;. Then, this vector must satisfy the ODE

dYi(s
T — avi(s) +@ils)
s
with initial condition Y;(t) = (r(t), ¢(t))’, where

A, = < —(a —2)\02) 1 )

o —2a
and Q1(s) = (ad, 0)

The solution of the ODE that is to be replaced in M, (y;—1), substituting s by ¢t and ¢
by t — 1, is given by?
Yi(s) = 51 Xu(s)

where s
Xi(s) = eMEDX (1) 4 M 6D /t =M@= Py (1) du

with

X (t) = STvi(t)

Py(t) = Sy Qu(t)
Thus,

Xi(s) = M=t x| (t) + I (s)

where ) 0

o a .

Il<]')(s) = ﬁAl(l 1)( Al(Ll)( t) - ]')

and

2
o Ky (6A1(272)(sft) —1)

11(2)<S) = _ﬁA1<2,2)

The unconditional first moments can be obtained by making s — oo, under the condition
that /A — p < 0, for stationarity. Then

__ad
Y(OO) — < Ab(lyl) >

22The conditional mean and variance for the short rate in the CIR model are well known and given,
for example, in Chen and Scott (1993).

23In order to make system computationally easier to solve, we first orthogonalized the differential
equations and then solved the resulting system of decoupled ODE’s.
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Note that the unconditional mean for the spot rate is positive.

In all of the above, Sy is a matrix with columns equal to the eigenvectors of A;

202 202

at o2 +VA  at+do?—vVA
s (T )

and Ay is the diagonal matrix of the eigenvalues of Ay

VA—p 0
A = 2
0 _ \/Z—Fu
2
Finally, the following simplifications where made
1= 3a — \o*
A = (a+ Mo?)? + 40?

The second conditional moments involve the solution of a system of three ODE’s. Denote
the vector that piles E;r%(s), E;r(s)o(s) and Eup?(s), for t < s, by Ya. Then, this vector

must satisfy the ODE
dYs(s)

= AYa(s) + Q2(s)

s
with initial condition Y5(t) = (r2(t),r(t)e(t), ©*(t))’, where
—2(a+Ao?) 2 0
A2 = O'2 — U 1

and

The solution of the ODE is given by
Ya(s) = 52Xs(s)

where s
Xy(s) = ™D X (1) + eAQ(s*t)/ e 20D Py () du
t

with
Xo(t) = S5 'Ya(t)

Py(t) = S5 Qx(t)
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Thus,

1
XQ(S) = GAQ(S_t)XQ(t) + BAQ(S_t) IQ(Z

where, for 1 = 1,2,3
L(i)(s) = [ 000 Py i) (w)

t

The second conditional moments can be obtained from the above, after some simple but
tedious algebra, making

Var[r(s)] (Eer(s))?
Covy[r(s),p(s)] | =Y(s)— | Er(s)Erp(s)
Var[¢(s)] (Evp(s))?

These are the elements to be replaced in the matrix Vj(y_1). The unconditional mo-
ments can be obtained by again making s — o0o. The condition for stationarity is the
same as for the first moments.

In the above,
—u 0 0
As(s) = ( 0 (—pu+VA) 0 )
0 0 (—n—VA)

is the diagonal matrix of the eigenvalues of As, and

1 (a+202)2+(a+A02)VA+202  (a4+A02)2+(a+M02)VAF202
2¢% 2g4
S2 (S) = __at)o? atAa?+VA atro?—vVA
22 202 202
—0 1 1

is the matrix of the eigenvectors of As.
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Tables

Table 1 Summary statistics of the data. p(k) is the k' order autocovariance.

Table 2 Estimates of one-factor models. For the general affine model of Duffie and Kan,
and its restrictions to the Vasicek and CIR models, a and fi are free parameters in the
estimation. The reported values of a and 6 are the values implied by the estimates. For
the HJM model, a and 6 are free parameters in the estimation. Asymptotic standard
errors, calculated by the method of White (1982), are reported in parentheses.

Table 3 Summary statistics of residuals of one-factor models. p(k) is the k* order
autocovariance.

Table 4 Estimation results of two-factor models. For the general affine model of Duffie
and Kan, and its restrictions to the Vasicek and CIR models, a and [i are free parameters
in the estimation. The reported values of a and # are the values implied by the estimates.
For the HIM model, a and @ are free parameters in the estimation. In the Vasicek model,
the mean of the second factor is not identified and normalized to zero. Asymptotic
standard errors in parentheses.

Table 5 Summary statistics of residuals of two-factor models. p(k) is the k** order
autocovariance.
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Table 1:

maturity 2 3 4 5 7 10
mean 0.0672 0.0702 0.0726 0.0744 0.0771 0.0795
st.deviation | 0.0171 0.0157 0.0147 0.0139 0.0130 0.0119
p(1) 0.9990 0.9990 0.9989 0.9990 0.9990 0.9990
p(30) 0.9666 0.9689 0.9701 0.9714 0.9720 0.9736
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Table 2:

Duffie-Kan  Vasicek CIR HJM
a 0.1194 0.1191 0.1862
(0.0070)  (0.0070)  (0.0105)
il 0.0699 0.0687 0.0654
(0.0037)  (0.0015)  (0.0025)
a 0.1193 0.1191 0.1120 0.1611
(0.0091)
6 0.1015 0.1015 0.1002 0.0881
(0.0010)
% 0.0117 0.0117
(0.0013)  (0.0011)
o1 0.0019 0.0481 0.0579
(0.0005) (0.0037) | (0.0558)
A -31.75 -32.85 -32.03 47.86
(6.15) (5.32) (2.55) (58.28)
100A 0.2366 0.2366 0.2365 0.2122
(0.0094) (0.0094) (0.0095) | (0.0108)
2In L 30023.45 30023.48 30011.77 | 30510.36
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Table 3:

maturity 2 3 4 5 7 10
CIR | mean -0.0010  0.0000 0.0006 0.0007 0.0004 -0.0007
st.deviation | 0.0031 0.0015 0.0006 0.0011 0.0022 0.0031
p(1) 0.9642 0.8462 0.5393 0.8123 0.9333 0.9648
p(30) 0.6899 0.6132 0.5633 0.6875 0.6403 0.6797
HJM | mean -0.0006 -0.0001 0.0001 0.0002 0.0001 -0.0002
st.deviation | 0.0029 0.0012 0.0006 0.0012 0.0021 0.0028
p(1) 0.9823 09161 0.5948 0.8933 0.9588 0.9694
p(30) 0.7229 0.6654 0.3237 0.6304 0.6425 0.6083
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Table 4:

Vasicek CIR HJM
a 0.0337 0.4861 0.1574 0.8103
(0.0028) (0.0126) | (0.0069) (0.1009)
[t 0.0515 0.0188% 0.0324
(0.0092) (0.0018) (0.0040)
a 0.0337 0.4861 -0.0081 0.5280 0.0603 0.4604
(0.0000) (0.0119)
0 0.0415 0.0230 0.0580 0.0491 0.0788 0.0492
(0.0144) (0.0006)
00 0.0103 0.0127
(0.0009) (0.0011)
o1 0.0775 0.0796 0.0853 0.0841
(0.0059) (0.0090) | (0.0047) (0.0100)
A -11.72 -70.09 -27.53 -44.58 | -0.1058 0.1478
(4.74)  (24.94) (4.47)  (15.43) | (0.0060) (0.0074)
100A 0.0415 0.0426 0.0426
(0.0021) (0.0022) (0.0024)
21n L | 37642.08 37319.39 37328.33
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Table 5:

CIR | maturity 2 3 4 5 7 10
mean -0.0001  0.0000 0.0001 0.0000 -0.0001 0.0000
st.deviation | 0.0004 0.0002 0.0003 0.0004 0.0003 0.0005
p(1) 0.6771 0.4522 0.6456 0.7729 0.5376 0.6913
p(30) 0.1144 0.0910 0.0701 0.1394 0.1190 0.0885

HJM | maturity 2 3 4 5 7 10
mean -0.0000 0.0000 0.0000 -0.0000 -0.0000 0.0000
st.deviation | 0.0004 0.0003 0.0003 0.0004 0.0003 0.0005
p(1) 0.6917 0.5352 0.6367 0.7415 0.6504 0.7176
p(30) 0.0972 0.0440 0.0943 0.0338 0.1466 0.0688
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Figures

Figure 1 Evolution of the short and long end of the term structure of interest rates.

Figure 2 Filtered state variables in the one-factor affine HIM model. Panel A: first
state variable. Panel B: second state variable.

Figure 3 Regressions of yields onto the state variables in the one-factor affine HJM
model. The solid lines are the sensitivities of the yields to the state variables predicted
by the model. The dashed lines represent the coefficients of a regression of first differences
of the yields on first differences of the fitted state variables. Panel A: first state variable.
Panel B: second state variable.

Figure 4 Comparison of the filtered second state variable with an exponentially weighted
moving average of the short rate according to the definition of the state variable, in the
one-factor affine HJM model.

Figure 5 Filtered first state variables corresponding to each factor in the two-factor
affine HJM model and the two-factor CIR model. Panel A: first factor. Panel B: second
factor.
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Figure 2: Panel A
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Figure 2: Panel B
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Figure 3: Panel A

ol

Arniow

14 ¢

S9oUSUSLIIP UO UoISsaubal
oNn|pA |epow

70

S0

90

L0

80

60

0l

36



Arniow

Figure 3: Panel B

oL 80 90 vO0O <0
37

<L

S90USJ24JIp U0 uoIssaubol . — — —
an|pA |epowl

91l

81

0¢



Figure 4:
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Figure 5: Panel A
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Figure 5: Panel B
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